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Fifth Month'y Progress Peport on Thermal Strain Analysis

of Mdvaaced Manned-Spacecraft Peat Shields

NASA Controct, NAS 7-1984

SUMMARY

The summary contained herein for work accomplished during the last

monthly periad represents effort in the following four phases of the program:
Yy P 9 p prog

Phase A' Forrmulation of Boundary Conditions
Phase A" Investigation of Engineering Models
Phase F Reduction to Axially Symmetric Case and Formulatior:

of Sample Problem

Phase G Preparation of Reports and Computer Program for Delivery

L

Phase A' - Formulation of Boundary Conditions

In the previous Monthly Progress Report, all of the boundary and interface
conditions required in the heat shield analysis were described and formulated, with
the exception of the thin-shell conditions which were incomplete at that time.
These conditions were, however, described in genercl' terms in Equations (10) ond
(11) of Reference 1, using the functions f , -fL PR «fy , which were then
undefined. With the completion of the thin-shell analysis, which is included in
the Appendix of this report, the boundary condition formulation is essentially complete.
It is noted that Equations (17) in the Appendix, in toroidal curvilinear coordinates,
correspond with the second and third equations of lZquation (10) in Reference 1,
which were written using Cartesian coordinate notation. Also, Equation (26) in fhe‘

Appendix corresponds with the first of Equation (10) in Reference 1, where .e



n) {2
in Equation (26) corresponds with *he stress difference Tz — 0% )in Equation (10),

.

Reference 1. The stress-displacement conditions indicated by Eauetion {17) in

1

Referernce 1, in Cartesian notation, way oo writtzr expliciity in ‘oroidail coordingtes

according to
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where the subscript { identifies the two media adjoining the thin shell; i.e.,
(= /,2 . The six equations cbove plus the threc equations defined in Equations
(17) and (?6) of the Appendix completely define the thin-shell interface conditions
required for the heat shield analysis. At the cappirg surface (Surface 3 in Figure |
of Reference 1), the neutral surface displacements &, v" and &/ of fHe thin shell
must satisfy the some conditions imposed on the displacements of the "thick-shell"
regions at this surface, namely, W = 17 & = o for the fixed-edge condition and

lop = T,'»‘g =7p6=0 for th free edge condition. In the case of the thin shell, the
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Yotter condition ar stregses reduces to she condi Mion /1/>~p > /V/cp = /Vﬂ =, whore
the sect onal forces and mements are defined in Equetion (29! of the Appendis .
This gives three equatiors in the “hror neutral surtace displacements at each node
lying in the capping surface.

In reviewing the fo  lotion of boundary and interface conditions creviously
presented in Appendix | of Reference 1, it was noted that the geometric juncture
at the sphere-torus interface was treated as a physical interface, and the boundary
conditinons were specified accordingly. This treotment, although not incorrect, is
more cumbersome than necessary for this type of interface. A better opproo;h
makes use of an averaging procedure defined os follows:

The central differences with respect to ® . which span the bpundory
between the two geometric regions are differenced as if they were wholly within
one region, (e.g., the toroidal region, denoted Region 1). Since this involves
function values in the spherical region (denoted Region 2) which are not defined in
terms of the coordinote grid of Region 1, the ¥ = constant lines of Region 1 which
are involved are extended into Region 2. These lines will be approximately congruent
with the corresponding £ = constant lines of Region 2, for incremental distances from
the geometric juncture. The "extended" node is chosen on the extended grid line to
be the same distance (clong the grid line) from the geometric juncture as the actual
Region 2 node. This choice of the increment in g2 between the "extended" node
and the juncture node, independent of that between the juncture node and that lying
just inside Region 1, is possible becaus: of *he use of "irregulor” difference approxima-

tions adopted in the ¢ direction. The actual Region 2 node is thereby "close" to the
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"extended" node. The displacement “unction values defined or the former are
therefore carried over to the latter,

Similarly, o second equation is obtained by differencing as if the point
ond its neighborhood were wholly in Rigion 7. A linear combinction of the two
equations obtained in Regions 1 and 2, respective y, is taken to be the best approx-

imation to the difference analog at the juncture.

Phase A" - Investigation of Engineering Models

The basic approach to the problem of treating very thin loyers in o composite
heat shield were set forth in the Third Monthly Procress "eport, Reference 5. For
simplicity, the method was presented for a flat plate, using Cartesian coordinates.
In the Fourth Monthly, Reference 1, this analysis was generalized to the case of
spherical curvilinear coordinates but was not completed. Because of the similarity of
toroidal and spherical coordinates and the fact that spherical coordinates are a
limiting case of toroidal coordinates, the equations were rederived in the Appendix
of this report using toroidal coordinates and including temperature dependence of
the elastic constants. The analysis is complete except for presenting the final results

in tabular form in terms of coefficients of the equa~ions in terms of displacements,

as was done previously for the equilibrium and stre:s equations.

Phase F - Reduction to Axially Symmetric Case and Formulation of Sample Problem

e s e e s S——— et s o

A portion of this work was completed in coniunction with verifying the

correctness of the three-dimensional equations but was not reported in previous
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monthly progress ieports, For evenpl s T e 2 nsrabling the validity of the
coefficients of the equilibrium eauations, reported in Reference 2, it was ver- .
ified in the case of spherical coordinutes that thess coefficients reduce to the

axially symmatric forms derived by ALLUA L Mogan
in Missile Nose Cones" (Reference 3}, Since spherical coordinates are a limiting
case of toroidal coordinctes, the reduction to the axially symmetric case is also

a check on the validity of the equilibrium equations in toroidal coordinates.

Similarly, the stress displacement relations, which were derived and tabulated in

the Second Monthly Progress Report (Reference 4), were also shown to reduce to

those derived by Morgan for the axially symmet:ic case. The axis of symmetry was

shown to require special treatment in the non-axially symmetric case owing to singu= 5
lorities which occur in the equilibrium equations as the cooardinate P approaches |
zero. In the axially symmetric case, the singularities can be handled by the the

use of L'H8pital's rule. The coefficients of the equilibrium equations for this case

were presented in Tables 4 ond 5 of Refererce 4. It was verified in the case of

spherical coordinates that these coefficients agree with those derived by Morgan

for this special case.

In summary, the conditions for axial symmetry require that

oAUy _ 4 ‘

(,()“(/3,47,9) = v = s



where @ is the azimutha! component of e displccement vectar in the B-direction
(see Figure 1, Reference 2} and 1C isany fonctior of #he nordingtes, On the axis

of symmeote, @ = D00 con pe vowr thot

?(P 57"9—1. = 0 . (2)

If the conditions of Equation (1) are applied to the eavilibrium-displacement equations

(Equations (16) of Reference 2), these equations reduce to

2 2 bR
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and of, are the curvilinear coordinates Agor " and respectively.
{7’ A p Y

){:-/)L,

where «
These coefficients in terms of the Lame' constants )‘ and A€ (from Table 1,
Reference 2), arc given in Toble 1, along with the corresponding coefficients
from Table |V, Reference 3, expressed in terms of Young's modulus and Poisson's

ratio. 1t is verified from the expressions relating these elastic constants

vE -
B ——— N = :
A (tv)(1-29) 5 M= ) 2 @

that the coefficients Aﬁ) B;f) etc., are related to the coefficients Aa{ 3(‘), etc, .

according to
4l ) | “
AA/“‘ = AT Beje =~ 877, efe. (5)
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1. Confficizntsof Displacemert-Equilibrium Equations

in Spherical Coordinates with Axicl Symmetry

(From Table 1, Ref. 2)

(From Table 1V, Ref. 3.}
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Similar! it can be shown that the coelficients of the ecuilibrivm

Yo,

enuations in toroidal coord nates, from Table V) Reforn o 20 corrspond with

the cocfficients of the equilibiiom wquati - in biconical scordinates from Teble 1V

Reference 2. Figure 1 shows the relationship between the two coordinate sysrems.

In order to

/ axss of jymmfz:/

v U | u

7 |

Figure 1. - Toroide! and Biconical Coordinates

compare the two systems, it should be noted that the displacements U and V in biconical

coordinates, in the direction of increasing & and /e, respectively, correspond

with the displacements ¢ and & in toroidal coordinates in the direction of increasing
? and F , respectively. Also, the reference soints for the angles @ and <

differ by 90° such that P = 40—772/. The index # , which identifies two equilibrium

equations in the iwo coordinate directions, takes on different values in the two coordinate
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svstems; f.?.,f:l ir biconizal cocrdingtec cormrspords with #Am 2z in toroidal

coordinates, and vice-verse.
Taxing into acceunt the differences noted chove, the correspondi-a coefficients
of the equilibrium ecuations in the twe coordinate systems cre given in Table 2. As
in the case of spherizal coordinates, the coefficients in toroidal coordinates are
related to those in biconical coordinates through the constant factor ¢ , according

to Equation (5).

[t can be readily verified that the two sets of coeflicients are in agreement

by making the following substitutions in accordance with the above discussion:

L@ = win (WD-T) = — Cow @ )

3
-
]

e (W= A7) = e W

Atdu o 34V
A |=2¥

To illustrate, consider, for example, the coefficient J://«, in toroida! coordinates

and the corresponding coefficient F*/"J in biconi:al coordinates, Rewriting .7;/“

there is obtained
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It is seen that the two coefficients are identical. |t can be verified in a similar
manner that all of the correspording coefficients of Toble 2 are equal,

It was shown in Reference 4 that certain of the coefficients in spherical
coordinates become singular on the axis of symmetry ( P = o). These coefficients
were evaluated by the use of L'H3spital's 1ule and cre presented in Table 4,
Reference 4. It caon bn <cen that these rosults are in agreement with those calculoted

by Morgan (see Table 1V, Reference 3) for the corresponding coefticients indicated

in Table 1



In additior tc the cavctinons of equilibriur, the stross=displacerent
relations must clso reduce to those caiculated by Mergan for tae axially symmet-ic
case. Thece coetiizients, o the general case, cre given in Tables 3and 4,
Reference 4. In the case of axial symmetry, the conditions of Equation (1)
must be satisfied, which couse certain of the coeflicients to vanish. The stress-
displacement relations for the general cose, from Squation (18, Reference 4, are

given by -

% o+ b (3 () dT = Ay, + PiMp +¥alUp +Siu
7

F QU bV + Y Up t U o
7
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tolpwr o ffWe + Y ws v S W

where the subscripts /7 ¢Zand 6= denote differentiation,
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and

T = Trr or Tre

7 = Top

T = Tes

T = Tre or Thy
Te = Tyo

% = Tre or Tks

This expression corresponds with Equotion (14), Reference 3 for the axially symmetric
case, which is
/’5‘ H/!/o((r)a’r - //) >U, *@ y”’u
(8)
4-?/” V, 4=1,23, ¢,

). 4

i/ AR (DV

v oV
+V55 + B
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where

It is seen from o comparison of Equations (7} and (8) that the corfiicients oly, )él s

are relcted to the coefficients a(”), ﬂ(”, ... according to

“) (7)
Gy, = 7, el ()

where the constant éll}is given by

7,
e o (0-29 _ 1 S=/23
£ 2(d+p)

- Ztgu} ) L= 4.

>
It is also noted, in the case of toroidal and bicon'cal coordinates, since & end U~
correspond with |/ and ¢/ , respectively, and P corresponds with € (see Figure 1),
that the barred quantities in toroidal coordinates correspond with the unbarred quantities
in biconical coordinates and the u(LV and I@:w ond the indicss 1 and 2 are inter-
changed. The equivalent coefficients from Table 3, Refercnce 4 and Table V,

Reference 3 are compared in Tables 3 and 4. Using the relations between the

elastic constants



A

.Z(Af/u) =

10)
4\+L/4 - ey J
<)

and the expressions of Equations 6, it is readily verified that the corresponding

coefficients in Tables 3 and 4 are identical.
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